Introduction {#Sec1}
============

Compositional flow involving a dissolved gas is of importance in many areas, including oil reservoir production^[@CR3],\ [@CR14],\ [@CR22]^, pipeline transport^[@CR12],\ [@CR19],\ [@CR25],\ [@CR28]^, $\documentclass[12pt]{minimal}
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                \begin{document}$$\hbox {CO}_2$$\end{document}$ sequestration^[@CR6],\ [@CR27]^, and the disposal of radioactive waste^[@CR4],\ [@CR5]^. Such flow involves the inherent possibility of creation of a gas phase and its subsequent transport. Excluding specific tertiary recovery practices such as $\documentclass[12pt]{minimal}
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                \begin{document}$$\hbox {CO}_2$$\end{document}$ foam flooding^[@CR24]^, keeping potential gas components dissolved in fluid phases is important for efficient extraction in reservoirs; the presence of gas bubbles and the resultant fluid--gas menisci complicates flow and can compete with fluid movement. The ability to prevent bubble formation through control of formation pressure or flow rates is therefore important for extraction efficiency.

Once formed in a porous medium, the gas phase is typically non-wetting. During imbibition (displacement by a wetting phase) a non-wetting phase can either exit pore space completely under piston-like displacement, or a fraction of it may become trapped in the form of one or more bubbles by a process known as snap-off. The snap-off process is strongly dependent on pore-geometry, wettability, viscosity and interfacial-tension conditions^[@CR26]^. While snap-off is an important process in trapping the non-wetting phase, the process requires a starting condition in which both phases---non-wetting and wetting---are present.

In this study, we focus instead on the process by which a gas phase comes out of a saturated solution---forming bubbles. We therefore directly address the transition between single- and two-phase flow and the initial dynamics of those gas bubbles that do form. We are consequently studying flow conditions that would occur before sufficient (local) volumes of non-wetting phase have formed to begin any process of snap-off.

A challenge to the numerical simulation of compositional flow in porous media is the change in the system of equations that accompanies the appearance or disappearance of the gas phase. This difficulty has been addressed in several computational approaches^[@CR1],\ [@CR2],\ [@CR6]--[@CR8],\ [@CR10],\ [@CR21]^. In our computations of two-phase, two-component ($\documentclass[12pt]{minimal}
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                \begin{document}$$\hbox {H}_2\hbox {O}$$\end{document}$, $\documentclass[12pt]{minimal}
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                \begin{document}$$\hbox {CO}_2$$\end{document}$) flow in a 3D pore network^[@CR6]^, we noted the periodic appearance and dissolution of the gas phase in certain pores. Intensive evaluation of our algorithms led us to conclude that this observed cyclic phenomenon was not numerical in origin. In reviewing the literature on gas transport in porous media at reservoir scales^[@CR13]^, in micromodel studies^[@CR23]^, specific studies on gas bubble formation^[@CR17]^, and mathematical studies of gas phase disappearance in water-hydrogen systems^[@CR15]^, we have been unable to find any mention of this periodic phenomenon. We have therefore pursued a mathematical investigation. In this article, we extract a $\documentclass[12pt]{minimal}
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                \begin{document}$$2\times 2$$\end{document}$ dynamical system from the mathematical model upon which our computations in Chang and Lindquist^[@CR6]^ were based in order to study the dynamics of gas bubble formation and evolution and the mechanics of this phase-cycling phenomenon. We summarize the mathematical model and derive the dynamical system. We analyze the direction fields for this non-linear system, demonstrate the existence of critical points, and study solution trajectories. To support our analysis of the dynamical system, we obtain numerical solutions and conclude with a discussion of our results.

The mathematical model and the dynamical system {#Sec2}
===============================================

Here we summarize the model^[@CR6]^ in the context of flow through a single pore and develop the dynamical system.

The physical model {#Sec3}
------------------

Consider a 3D, horizontal, axially symmetric network model consisting of a single spherical pore of radius $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathrm R}_{\mathrm{pore}}$$\end{document}$ and volume *V* (Fig. [1](#Fig1){ref-type="fig"}). The flow through the network is from left to right at the constant volumetric rate *Q*. The inflow solution is a liquid phase consisting of water with dissolved $\documentclass[12pt]{minimal}
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                \begin{document}$$\hbox {CO}_2$$\end{document}$; the concentrations of $\documentclass[12pt]{minimal}
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                \begin{document}$$\hbox {H}_2$$\end{document}$O and $\documentclass[12pt]{minimal}
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                \begin{document}$$\hbox {CO}_2$$\end{document}$ in the solution are $\documentclass[12pt]{minimal}
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                \begin{document}$$C_{\mathrm{ C }}$$\end{document}$, respectively.Figure 1A cross section of the axially symmetric 3D geometry. The arrow indicating flow direction is placed on the axis of symmetry.Figure 2The phase space is divided into three regions, $\documentclass[12pt]{minimal}
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                \begin{document}$${\Gamma }_{++}$$\end{document}$, $\documentclass[12pt]{minimal}
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                \begin{document}$${\Gamma }_{-+}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\Gamma }_{--}$$\end{document}$, by the curves $\documentclass[12pt]{minimal}
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                \begin{document}$${\Gamma }_{{\mathrm{g}{0}}}$$\end{document}$.

The pore is initially filled with pure water. At the outlet, the pore is connected to a large reservoir of pure water held at pressure *p*. The length of the outlet channel is *L* and the radius of the cross section of the inlet and outlet channel is *a*. The system is held at constant temperature *T*.

The mathematical model {#Sec4}
----------------------

Under single-phase flow conditions (flow remains under-saturated with dissolved $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\hbox {CO}_2$$\end{document}$) the fluid transport is governed by the equations$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} V\frac{dC_{\mathrm{ W }}}{dt}=QC_{\mathrm{ W }}-C_{\mathrm{ W }} {\Lambda }_l (p_{l}-p), \qquad V\frac{dC_{\mathrm{ C }{ l}}}{dt}=QC_{\mathrm{ C }}-C_{\mathrm{ C }{ l}} {\Lambda }_l (p_{l}-p), \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$p_{l}$$\end{document}$ are, respectively, the concentration of $\documentclass[12pt]{minimal}
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                \begin{document}$$\hbox {CO}_2$$\end{document}$ and the pressure of the liquid phase in the pore and $\documentclass[12pt]{minimal}
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                \begin{document}$${\Lambda }_l$$\end{document}$ is the conductivity of the liquid phase from the pore to the outlet. The liquid phase is assumed incompressible with $\documentclass[12pt]{minimal}
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                \begin{document}$$\hbox {H}_2$$\end{document}$O remaining the dominant species; therefore the concentration of water in the liquid phase is assumed to be the constant value $\documentclass[12pt]{minimal}
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                \begin{document}$$C_{\tiny {\text{ W }}}=1/18$$\end{document}$ mol cm$\documentclass[12pt]{minimal}
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                \begin{document}$$^{-3}$$\end{document}$. Under these assumptions, the equations in ([1](#Equ1){ref-type=""}) simplify to$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} p_{l}^{\mathrm{sp}} = Q/{\Lambda }_l + p,\quad C_{\mathrm{ C }{ l}}(t) = C_{\mathrm{ C }}(1 - e^{-Qt/V}), \end{aligned}$$\end{document}$$which provide the single-phase liquid pressure of the water and the $\documentclass[12pt]{minimal}
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                \begin{document}$$\hbox {CO}_2$$\end{document}$ concentration in the pore.

A gas phase is generated in the pore when the concentration of $\documentclass[12pt]{minimal}
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                \begin{document}$$\hbox {CO}_2$$\end{document}$ exceeds the solubility (see equation (17) of Chang and Lindquist^[@CR6]^) of dissolved $\documentclass[12pt]{minimal}
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                \begin{document}$$\hbox {CO}_2$$\end{document}$ in the liquid phase at the pressure $\documentclass[12pt]{minimal}
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                \begin{document}$$p_{l}^{\mathrm{sp}}$$\end{document}$, and the resulting two-phase flow follows the system below (these are, respectively, Eqs. ([1](#Equ1){ref-type=""}), ([9](#Equ12){ref-type=""}), ([3](#Equ3){ref-type=""}), ([4](#Equ5){ref-type=""}), ([14](#Equ17){ref-type=""}) and ([15](#Equ18){ref-type=""}) of Chang and Lindquist^[@CR6]^ applied to our single pore geometry): $$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}&s_{l} + s_{\mathrm{g}}=1, \end{aligned}$$\end{document}$$$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}&p_{\mathrm{g}}=p_{l} + p_{{ c}}, \end{aligned}$$\end{document}$$$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}&V\dfrac{dm_{\mathrm{H}}}{dt}=\left\{ \begin{array}{ll} QC_{\mathrm{ W }}- Q_{{ l}} C_{\mathrm{ W }}-Q_{\mathrm{g}} C_{\mathrm{Hg}}, &\quad {}p_{\mathrm{g}}>p,\\ QC_{\mathrm{ W }}-Q_{{ l}} C_{\mathrm{ W }}, &\quad {}p \ge p_{\mathrm{g}},\end{array}\right. \end{aligned}$$\end{document}$$$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}&V\dfrac{dm_{\mathrm{C}}}{dt}=\left\{ \begin{array}{ll} QC_{\mathrm{C}}- Q_{{ l}} C_{\mathrm{C}{} { l}}-Q_{{ g }} C_{\mathrm{Cg}} ,&\quad {}p_{\mathrm{g}}>p_{{ l}}>p ,\\ QC_{\mathrm{C}}-Q_{\mathrm{g}} C_{\mathrm{Cg}}, &\quad {}p_{\mathrm{g}}> p \ge p_{{ l}}, \\ QC_{\mathrm{C}} , &\quad {}p \ge p_{\mathrm{g}} > p_{{ l}},\end{array}\right. \end{aligned}$$\end{document}$$$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}\mu _{\mathrm{H} l}^\ominus + RT \ln \left( \dfrac{C_{\mathrm{ W }}}{C_{\mathrm{ W }}+C_{\mathrm{C}{ l}}} \right) =\mu _{\mathrm{Hg}}^\ominus + RT \ln \left( \dfrac{C_{\mathrm{Hg}}RT}{p_{\mathrm{H}}^*} \right) , \end{aligned}$$\end{document}$$$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}\mu _{\mathrm{C}{} { l}}^\ominus + RT \ln \left( \dfrac{C_{\mathrm{C}{ l}}}{C_{\mathrm{ W }}+C_{\mathrm{C}{} { l}}} \right) =\mu _{\mathrm{Cg}}^\ominus + RT \ln \left( \dfrac{C_{\mathrm{Cg}}RT}{p_{\mathrm{C}}^*} \right) . \end{aligned}$$\end{document}$$ In this system, $\documentclass[12pt]{minimal}
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                \begin{document}$$s_{{ l}}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$s_{\mathrm{g}}$$\end{document}$ are the saturations of the liquid and gas phases; $\documentclass[12pt]{minimal}
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                \begin{document}$$p_{\mathrm{g}}$$\end{document}$ are the pressures in the liquid and gas phase in the pore; $\documentclass[12pt]{minimal}
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                \begin{document}$$C_{\mathrm{Hg}}$$\end{document}$ is the gas phase $\documentclass[12pt]{minimal}
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                \begin{document}$$\hbox {H}_2$$\end{document}$O concentration; $\documentclass[12pt]{minimal}
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                \begin{document}$$C_{\mathrm{Cg}}$$\end{document}$ are the liquid and gas phase $\documentclass[12pt]{minimal}
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                \begin{document}$$\hbox {CO}_2$$\end{document}$ concentrations; $\documentclass[12pt]{minimal}
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                \begin{document}$$m_{\mathrm{C}}$$\end{document}$ are the pore averaged concentrations of $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} m_{\mathrm{H}} = s_{{ l}}C_{\mathrm{W}}+s_{\mathrm{g}}C_{\mathrm{Hg}}, \quad m_{\mathrm{C}} =s_{{ l}}C_{\mathrm{C}{} { l}} + s_{\mathrm{g}}C_{\mathrm{Cg}} ; \end{aligned}$$\end{document}$$and $\documentclass[12pt]{minimal}
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                \begin{document}$$Q_{\text{ g }}$$\end{document}$ are, respectively, the volumetric flow rates of the liquid and gas phases exiting the pore,$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} Q_{{ l}}= {\Lambda }_{{ l}} f(s_{\mathrm{g}})(p_{{ l}} - p), \quad Q_{\text{g }}= {\Lambda }_{\text{g }}g(s_{\mathrm{g}})(p_{\mathrm{g}} - p). \end{aligned}$$\end{document}$$In ([7](#Equ10){ref-type=""}), $\documentclass[12pt]{minimal}
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                \begin{document}$$g(s_{\mathrm{g}})$$\end{document}$ are the relative permeabilities of the liquid and gas phases respectively. As in Chang and Lindquist^[@CR6]^, we adopt the models^[@CR11]^$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} f(s_{\mathrm{g}})=\left\{ \begin{array}{ll} \frac{1}{2}(1-s_{\mathrm{g}})^2(2+s_{\mathrm{g}}), &{}\quad p_{{ l}}\ge p,\\ 1, &{}\quad p_{{ l}}<p, \end{array} \right. \quad\quad g(s_{\mathrm{g}})=\left\{ \begin{array}{ll} s_{\mathrm{g}}^3, &{}\quad p_{\mathrm{g}}\ge p,\\ 0, &{}\quad p_{\mathrm{g}} < p. \end{array} \right. \end{aligned}$$\end{document}$$Equations ([4](#Equ5){ref-type=""}) and ([8](#Equ11){ref-type=""}) are written to reflect the assumption that the outlet reservoir is sufficiently large that it can be assumed to remain pure water (i.e. any dissolved $\documentclass[12pt]{minimal}
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                \begin{document}$$\hbox {CO}_2$$\end{document}$ in the outlet reservoir mixes to negligible concentration and exiting gas bubbles rise due to buoyancy and cannot flow back into the pore). Therefore, under the backflow condition, $\documentclass[12pt]{minimal}
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                \begin{document}$$p_{{ l}} < p$$\end{document}$, ([4](#Equ5){ref-type=""}) and ([8](#Equ11){ref-type=""}) reflect the fact that pure water flows into the pore from the outlet.
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Assuming the liquid phase is perfectly wetting, the capillary pressure in ([3b](#Equ4){ref-type=""}) is modeled by the Young--Laplace equation,$$\documentclass[12pt]{minimal}
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The dynamical system {#Sec5}
--------------------

It will be convenient to divide concentration variables by $\documentclass[12pt]{minimal}
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We identify the fundamental variables, *w*, *y*, of the dynamical system as$$\documentclass[12pt]{minimal}
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From ([10](#Equ13){ref-type=""}), ([11](#Equ14){ref-type=""}) and ([3b](#Equ4){ref-type=""}), the dimensionless pore phase pressures are expressed in terms of *w* and *y* as$$\documentclass[12pt]{minimal}
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We can obtain alternate expressions to ([15](#Equ18){ref-type=""}) for $\documentclass[12pt]{minimal}
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Analysis of the dynamical system {#Sec6}
================================
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Direction fields {#Sec8}
----------------

As the dynamical system ([18′](#Equ28){ref-type=""}) is complex and the details of its analysis are not straightforward, to respect article length we have relegated most of these details to a series of appendices in the accompanying [supplementary material](#MOESM1){ref-type="media"}. The manuscript text references the appropriate appendix as needed.

### The direction field $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${dy/dt=G(w,y)}$$\end{document}$ {#Sec9}

The direction field *dy*/*dt* is analyzed in Appendix A of the [supplementary material](#MOESM1){ref-type="media"} by considering the isoclines of *G*(*w*, *y*). All isoclines in the region $\documentclass[12pt]{minimal}
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Solution trajectories {#Sec18}
---------------------

### Single-phase flow trajectory {#Sec19}
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### Transition to two-phase flow; initial condition for gas bubble formation {#Sec20}
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### Solution trajectories approaching the *w*-axis {#Sec23}
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Numerical computations {#Sec24}
======================

Using Maple, numerical computations were performed to verify and illustrate our analytic results. The numerical values of all pore, physical and fluid parameters used in the computations are summarized in Table [1](#Tab1){ref-type="table"}. With these parameter values, ([24](#Equ39){ref-type=""}) sets a flow range limit of $\documentclass[12pt]{minimal}
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Critical point changes and flow regimes {#Sec25}
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Gas bubble dynamics {#Sec26}
-------------------
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The mathematical analysis presented in this paper, motivated and supported by our earlier network flow computations^[@CR6]^, leads us to a somewhat unexpected conclusion: namely that when a gas component "bubbles-out" from a saturated solution under steady state flow in porous media, the phase space conditions under which such bubbles achieve a stable size is limited. Our results indicate that, for sufficiently low flow rates (regimes R1 and R2), any gas bubble that forms will re-dissolve, possibly (regime R2) after undergoing oscillatory behavior. In the (much wider) range of faster flow rates (regime R3), whether a gas bubble remains stable or decays depends on the fine-scale details of bubble initiation. In all cases involving bubble dissolution, under steady flow conditions the behavior of bubble formation and re-dissolution repeats cyclically.

Our numerical computations show that these regimes cover a range of conditions pertinent to reservoir flow. Therefore, with respect to flow management in reservoir operations (specifically trying to maintain multi-component, saturated, single phase flow), our results imply that, once pressure conditions allow bubble formation, there is a small "window of opportunity" at low flow rates (regimes R1 and R2) to restrict bubble formation to at most cyclic behavior. However once flow rates exceed the rather low threshold delineating regime R3, whether bubbles form stably or cyclically depends on microscopic processes beyond reservoir management control.

Our investigation is not exhaustive; we have analyzed the dynamical system ([18′](#Equ28){ref-type=""}) by employing a number of assumptions. These assumptions are summarized in Appendix H ([supplementary material](#MOESM1){ref-type="media"}) and fall into two general categories, physical (e.g. liquid phase is perfectly wetting) and technical. The technical assumptions rely on having parameter values similar to petroleum reservoirs (Table [1](#Tab1){ref-type="table"}). We have not investigated removing these assumptions, except to make a comment regarding the flow-rate restriction ([24](#Equ39){ref-type=""}). Two of the inequalities in ([24](#Equ39){ref-type=""}) ensure that the point ($\documentclass[12pt]{minimal}
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The *y*-dependence in the dynamical system is a critical determinant in the resulting behavior. This dependence comes from three sources: the capillary pressure term ([10](#Equ13){ref-type=""}) where we assume $\documentclass[12pt]{minimal}
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                \begin{document}$$\hbox {CO}_2$$\end{document}$ mass ([16](#Equ20){ref-type=""}) where the y-dependence is linear, and from the fractional flow functions *f*(*y*) and *g*(*y*) which introduce complicated nonlinear dependence. It is possible that different forms for the fractional flow functions could significantly alter the gas bubble behavior of this dynamical system.

One possible critique of our analysis is that bubble dissolution, which is governed by the evolution of trajectories in $\documentclass[12pt]{minimal}
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                \begin{document}$$c_2$$\end{document}$ in Fig. [6](#Fig6){ref-type="fig"}). Thus not all trajectories would lead to the growth of stable bubbles. Finally, we note that our computations in Chang and Lindquist^[@CR6]^, which included realistic back-flow conditions, did produce bubble dissolution.

While we have examined the case where the gas phase is $\documentclass[12pt]{minimal}
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